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Abstract
In this paper reduced order model of a non-linear model is developed by proper ortho-
gonal decomposition method. The reduced model is compared with the reference model
when applied to an eddy current problem. A classical magnetodynamic finite element
formulation is used as reference and as starting point of the reduced models.
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1 Introduction
The accurate modelling of electromagnetic devices taking eddy current effects, movement,
non-linearities,... into account are a major concern from the early design stage. The finite ele-
ment method is widely used and versatile for modelling these phenomena. However, it maybe
extremely cumbersome and expensive in terms of computational time and memory in case of
3D geometries, high working frequency, non-linearities (possibly hysteresis), a long transient
behaviour. Reduced Order (RO) techniques are a feasible and efficient alternative, which are
gaining interest in electromagnetic field problem to approximate the full system accurately in
a reduced manner. RO techniques implementation on the linear and non-parametric dynamic
systems have already been reached at a mature level [1]. However, a few works have addressed
the RO modelling of non-linear problem taking into account the eddy currents. The major
challenge of RO modelling of a non-linear problem lies on the large computational time re-
quirement due to the regular update of the non-linear term in the iterative loop and full system
matrix multiplication at each parametric values. The model order reduction of a non-linear
magnetostatic problem is proposed in [2], where the discrete empirical interpolation (DEI)
method is used combined with the proper orthogonal decomposition (POD) method to inter-
polate the non-linear terms of the full system in order to speed up the computational process. In
this paper, we propose POD based RO technique to accurately model a non-linear eddy current
problem. To achieve furthermore computational efficiency, we aim at implementing the DEI
method along with the POD.
2 Model order reduction and Results
As a test case we consider the single-phase power transformer. Let us consider a bounded
domain Ω = Ωc ∪ ΩCc ∈ R3 with boundary Γ. The conducting and non-conducting parts of
Ω are denoted by Ωc and ΩCc , respectively. The (modified) magnetic-vector-potential (a−)
magneto-dynamic formulation (weak form of Ampère’s law) reads: find a, such that
(σ∂ta,a
′)Ωc + (ν curla, curla
′)Ω + 〈nˆ × h,a′〉Γ = (js ,a′)Ωs , ∀a′ (1)
with a′ test functions in a suitable function space; b = curla the magnetic flux density; js a
prescribed current density and nˆ the outward unit normal vector on Γ. The derivative with re-
spect to time is denoted by ∂t . The ferromagnetic non-linear isotropic material with reluctivity
ν (magnetic field h = νb) and conductivity σ is considered. The discretization of the weak
form of (1) leads to the following matrix system:
A∂tx (t ) + B[x (t )]x (t ) = C (t ) . (2)
The POD method reduces the order of the system (2) from x ∈ RN×1 to xr ∈ RM×1 (M  N )
by means of a projector operator Ψ. The POD generates Ψ with a snapshot technique [3]. In
Fig. 1, the joule loss of the transformer core and relative error results for ROM with two basis
M = 29 and M = 39 are shown. We observe that only M = 29 number of basis can approximate
the full system (4816 number of unknowns) very accurately. Details on the test model, the RO
theory and the more efficient RO modelling will be provided in the full paper.
a prescribed current density; nˆ is the outward unit normal
vector on  ; (·, ·)⌦ and h·, ·i⌦ denote a volume integral in
⌦ and a surface integral on   of the scalar product of their
arguments. For the sake of simplicity, the media is assumed
linear and isotropic, with magnetic constitutive law h = ⌫b
(magnetic field h, reluctivity ⌫) and electric constitutive law
e =  j =   @ta (electric field e, induced current density j,
conductivity  ).
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Fig. 1. Single phase transformer: geometry and mesh
The FE discretization of (1) with N edge basis functions for
a and a0 (Galerkin approach), leads to the following system
of first-order differenctial equations:
A @tx(t) +Bx(t) = b(t) , (2)
where x(t) is the time-dependent column vector of N un-
knowns, A, B are N ⇥N matrices of coefficients and b(t) is
the source column vector (right hand side).
Furthermore, the system (II) is discretized in time by means
of the so-called ✓ scheme, which amounts to implicit or
backward Euler with ✓ = 1, the scheme we adopt. A system of
algebraic equations is obtained for each time-step from tk 1
to tk = tk 1+ t. Taking this into account, system discretized
in time reads:
[A t +B]xk = A txk 1 + bk (3)
with A t = A t , xk = x(tk) the solution at instant tk, xk 1 =
x(tk 1) the solution at instant tk 1, bk the right hand side at
tk and  t the time step.
Adopting a sinusoidal source of frequency f (pulsation ! =
2⇡f ), we can apply the complex formalism (complex in bold)
and rewrite (??) frequency domain as
[ı!A+B]x = b , (4)
where the dependence of x and b with the frequency (f , !)
is omitted.
III. MODEL ORDER REDUCTION
Model order reduction techniques aim at reducing the
matrix system in the time domain (3) or in the frequency
domain (4) [8]. The solution vector x (N ⇥ 1) is then
approximated by a vector xr (M ⇥ 1) in a reduced basis,
M ⌧ N ,
x ⇡  xr , x ⇡  xr , (5)
with  an orthonormal projection operator; respectively x,xr
and  in the frequency domain. Therefore, the reduced-order
systems of (3) and (4) become, respectively,
[Ar t +B
r]xrk = A
r
 tx
r
k 1 + b
r
k , (6)
[ı!Ar +Br]xr = br , (7)
with Ar t =  
TA t , Br =  TB and br =  T b in (6)
and analogously, Ar =  TA , br =  T b in (7).
In this paper the projection operators  ,  are constructed
either using either the POD or the AKS method.
A. Proper Orthogonal Decomposition (POD)
In the POD method, the  ( ) operator is constructed
based on snapshots techniques [11], i.e. generated from the
time-domain full solution x (x). Note that quantities between
parenthesis correspond to the frequency domain case.
Let us consider the snapshot matrix S = [x1, x2, ·] (S =
[x1, x2, ·]) from the set of solution x (x) for the selected
number of time steps (frequencies).
Applying the singular value decomposition (SVD) to this
snapshot matrix S as,
S = U⌃VT , (8)
where  is obtained by taking  = U .
B. Arnoldi-based Krylov Subspace (AKS) method
The AKS approach can only be applied in the frequency do-
main. The construction of  is based on the Krylov subspace
Kn(↵,  ) = span{ ,↵1 ,↵2 , ·↵n 1 }. and on the transfer
function of (4). After applying the Laplace transformation, it
reads
H(s) = (As+B) 1b , (9)
that is further approximated with a Pade´ expansion around the
expansion point, sexp [12].
It reads
H(s) =
X
j
Hj(s  sexp)j (10)
with Hj = ( (Asexp + B) 1A)j(Asexp + B) 1b with
↵ =  (Asexp + B) 1A,   = (Asexp + B) 1b and j =
0, 1, ..., n   1. The set of the vectors Hj constructs Krylov
subspaces as H0 = ↵, H1 = ↵1  and so on. The Arnoldi’s
algorithm is used for generating projection basis  from the
Krylov subspace [13]. Hence,  is built from the orthogonal
basis of Kn(↵,  ). Notice that, in this work we consider first
two moments for each expansion point in Arnoldi. Explain
why????
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Figure 1: (a) geomet y of a si gle pha e transformer, (b) Joule loss (up) and relative error
(down) between full and RO models
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